
Plots were made of the logarithm of 
yn (activity coefficient of chlorofluoro- 
methanes) vs. the reciprocal of abso- 
lute temperature at various composi- 
tions. The resulting curves were es- 
sentially straight lines in all cases, and 
the slopes were taken equal to the 
partial derivative. Figure 4 indicates 
the results found for bgR as a function 
of coniposition for the system of 
chlorodifluoromethane and tetraethyl- 
ene glycol dimethyl ether. 

In general AH,  can be expressed 
fairly well by a quadratic function 
such as 

~ i i ~  = A + B x, + CX,; (11) 

Since at xn = 1.0 (pure R ) ,  AH, = 0 
- 

A P n = A ( l - x n ' )  + B ( x ~ - x ~ ~ )  

(12) 
Substituting Equation (12) into Equa- 
tion (9 ) ,  integrating and noting that 
AH7." = 0 at n,? = 0 one gets 

- - AH? 
(n ,  + ns) 

AH" = 

- ( 2 A  + B)xslnxs- (A f B ) x R x R  

(13) 

The constants A and B were evaluated 
by the method of least squares to be 
- 2.62 and 0.905 respectively for the 
system of chlorodifluoromethane and 
tetraethylene glycol dimethyl ether. 
Figure 4 indicates that the analytical 
expression gives a fair fit to the data. 
An expression for this system may be 
obtained by substituting A and B into 

Equation (13) : 
Afl"k = 4.33 XS In XS + 1.71 x ~ x g  

(14) 
Figure 5 indicates the relatively good 
agreement between the calculated and 
the experimental values (9) at 3.5"C. 
Although several assumptions were 
made, the method seems reliable within 
about 10%. Improved agreement 
might be expected with a better equa- 
tion than Equation (11) for fitting the 

data. The accuracy of the present 
results probably does not justify such 
a refinement. 
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NOTATION 

aL = activity of component i at  T 
and p of solution, ai = 1.0 at 
x, = 1.0 

f = functionality of solvent, active 
sites per molecule 

f R o  = fugacity of pure liquid R at 
T and p of solution 

f o x G  = fugacity of pure gaseous R at 
T and p of soIution 

AH," = standard enthalpy of reaction, 
k.cal./g. mole of complex 

AH, = partial molal enthalpy change 
of component R in mixture 

AH,." = total enthalpy change of mix- 
ture on mixing at constant T 
and p ,  cal. 

AH"' = heat of mixing at constant T 
and p ,  cal./g. mole of soh- 
tion 

n, = moles of component i 
p = pressure 
pnc = partial pressure oi refrigerant 

vapor, Ib./sq.in.abs. 
p o R G  = vapor pressure of pure refrig- 

erant, lb./sq.in.abs. 
1' = absolute temperature, "K. 
x, 

y ,  

= liquid mole fraction of com- 
ponent i 

= activity coefficient of compo- 
nent i, yi = 1.0 at xL = 1.0 
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Drop Formation from Rapidly Moving 

Liquid Sheets 
R. P. FRASER, PAUL EISENKLAM, NORMAN DOMBROWSKI, and DAVID HASSON 

lmperiol Cdlege, London, England 

In a widespread range of spraying 
applications atomization is achieved 
by a nozzle which transforms the liq- 
uid into an unstable sheet. 

A former investigation of spray 
sheets in atmosphere (1) has estab- 
lished two principal modes of disinte- 
gration. Within a limited range of 
conditions sheets may remain undis- 
turbed and disintegrate into a net- 

David Hasson is presently with the Tech- 
nicon, Haifa, Israel. 
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work of unstable ligaments produced 
by the coalescence of expanding per- 
forations. A sheet is however normally 
disturbed by aerodynamic waves. 
Fragments of liquid are broken off the 
wavy sheet and, although suffering 
continuous disintegration by air ac- 
tion, tend to contract into unstable 
ligaments. 

The ambient atmosphere is thus one 
of the significant factors contributing 
to the instability and disintegration of 

A.1.Ch.E. Journal 

a liquid sheet. This investigation ex- 
amines the separate effects of ambient 
atmosphere and liquid velocity on the 
mode of breakup of a sheet not ren- 
dered unstable by air action and deter- 
mines the characteristic drop sizes 
resulting from sheets undergoing differ- 
ent modes of disintegration. 

Flat spray sheets, produced by 
single-hole fan spray nozzles, have 
been selected for investigation because 
they are convenient for both analytical 

November, 1962 



and experimental study while retaining 
the essential breakup features of other 
spray sheets. 

The sheets have been studied visu- 
ally by flash photography, while the 
resulting spray has been sampled by 
a collection technique. It has been 
found that the mode of disintegration 
is critically dependent upon the ambi- 
ent density because the wavy sheet 
suddenly changes to a perforated sheet 
as a partial vacuum is attained. This 
effect is associated with a sudden in- 
crease in the drop size of the spray. 

An additional form of instability 
produced by liquid turbulence has 
been isolated and examined in vacuum. 
The transition to turbulent flow has 
no marked effect on the drop size. 

Previous analyses of the aerody- 
namic instability of liquid sheets of 
uniform thickness have been critically 
reviewed and satisfactorily applied to 
the flow of attenuating liquid sheets. 
The results have been extended to 
provide a theoretical basis for predict- 
ing the effects of several factors on the 
drop size. The predictions are com- 
pared with experimental data. 

AERODYNAMICAL INSTABILITY OF 
A LIQUID SHEET 

Consider the system of forces acting 
on the slightly disturbed interface of a 
liquid sheet moving in air (Figure 1). 
Surface tension force tends to draw 
the liquid back to its original position, 
while the air, acquiring an increased 
velocity and hence creating a local de- 
crease in pressure in the vicinity of 
the protuberance, pulls the liquid out- 
ward. Under certain conditions aero- 
dynamic forces exceed the interfacial 
tension and cause the formation of un- 
stable waves which propagate at the 
same velocity as the sheet and with 
exponentially increasing amplitude. 

The mathematical procedure to de- 
termine instability consists of assuming 
that a small periodic disturbance is 
imposed on the system and analyzing 
the amplitude growth rate which may 
be defined by 

y = yo eBr (1) 

If it is found that @ is real and posi- 
tive, the amplitude y increases expo- 
nentially, and the system is therefore 
unstable. Otherwise the system is 

Fig. 1 .  Aerodynamic forces acting at interface. 

uid sheet having no free edges is stable 
under the action of surface tension 
forces alone ( l o ) ,  contrary to a jet for 
which under similar conditions sym- 
metrical oscillations are unstable (vari- 
cose jet) (11, 12) .  In a jet either type 
of wave may predominate depending 
upon the conditions. However dila- 
tional waves in a sheet may be ne- 
glected since their degree of instability 
is always less than that of sinuous ones 
(13, 14). In the authors' experiments 
only sinuous waves were in fact ob- 
served. 

In analyzing the more unstable anti- 
symmetrical oscillations of a liquid 
sheet moving in still air Squire (13) 
has derived the following expression 
for the amplitude growth rate: 

P I + -  kh' 

An approximation included in Equa- 
tion (2) is that tanh kh' FJ kh'. This is 
valid for all practical purposes, since 
usually kh' < 0.25. 

The minimum wave length for an 
unstable system is found from ,8 = 0. 
Hence 

or 
kh'= p ( N w e -  1) (3)  

and since usually N , ,  >> 1 

Equation (2) also provides an in- 
stability criterion based on the flow 
conditions: for ,8 to be real N , .  > 1. 

The optimum wave length is that 
which has a maximum growth rate. It 
is obtained from 

stable. 
Two types of oscillations have to 

be considered, namely antisymmetric 
(sinuous) and symmetric (dilational) 
modes (Figure 2 ) .  For the former the 
displacements of corresponding points DilationRl 

are in the same direction (sinuous 
waves), and for the latter the displace- 
ments are in the opposite direction 
(dilational waves). A hypothetical liq- 

A ; ~ m ; ~  

YihVSS A 
Fig. 2. Sinuous and dilational waves. 
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In differentiating Equation ( 2 )  the 
denominator may be regarded as unity 

since usually - << 1. A maximum k h  
for (z)  occurs at 

(7) 
P 
2 

kh'= - ( N w e -  1) 

so that 

and 

. ,  
For N,, >> 1 

and 

(11) 
p ( N , .  ) *'* 

2 

Another significant equation in 
Squire's analysis is 

(12) 
w v  1 -=-= 

U,k U. 1 + pcoth kh' 

Since pcoth kh' << 1, it follows 
that V = U,; that is the waves travel 
at the same velocity as the sheet. 

In a second analysis of the same 
problem Hagerty and Shea (14) ob- 
tained a very similar solution, the only 
difference being the prediction of in- 
stability, namely N , ,  > 0. This implies 
that provided the initial disturbance is 
able to supply all necessary frequen- 
cies, as may be assumed to occur in 
practice, instability should occur for 
all flow conditions. The relations for 

XOpr and [ ,] h'P become identical 
m IIX 

to those of Squire for the practical 

range where tanh kh' FJ kh', - << 
1, and N,, >> 1. 

In testing theory with experiment 
Hagerty and Shea confirmed the am- 
plitude growth rate equation from 
photographs of sheets with induced vi- 
brations. Squire used photographs of 
swirl spray sheets at subatmospheric 
densities to verify the equation for the 
most unstable wave length [Equation 
( l o ) ]  but pointed out some uncer- 
tainty in the comparison, since accu- 
rate data for film thickness and veloc- 
ity were not available. 

ANALYSIS OF THE DROP SIZE FROM 
AN AERODYNAMICALLY UNSTABLE 
LIQUID SHEET 

The main features of aerodynamic 
instability of sheets of uniform thick- 

P 
kh' 
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ness are adequately represented by 
the analyses discussed in the previous 
section. In this section an attempt will 
be made to extend these theories to 
provide a theoretical expression for the 
drop size of a low viscosity fan spray 
sheet. An analysis of the flow in a 
fan spray sheet, published elsewhere 
(9 ) ,  shows that the streamlines diverge 
radially from the orifce and that the 
velocity along each streamline remains 
constant. The film thickness h at any 
point is found to be related to the 
radial distance T from the orifice by 
the simple relationship 

The approach can be justified on the 
grounds that both Squire (13)  and the 
authors (as will be discussed later in 
this paper) have found reasonable 
agreement between the value of the 
wave lengths of sinuous waves pro- 
duced on attenuating sheets and those 
predicted for sheets of constant thick- 
ness. This probably results from the 
fact that in the region of disintegration 
of a sheet the rate of change of thick- 
ness is very small. 

The following idealized breakup 
mechanism will be assumed. The most 
rapidly growing (Bmax) wave is de- 
tached at the leading edge in the form 
of a ribbon half a wave length wide 

hr = k. (13) 

L 

(*) . This ribbon immediately 

contracts into a ligament of radius rr 
which subsequently disintegrates into 
drops of equal diameter. A diagram- 
matic representation of this mechanism 
is shown in Figure 3. 

If one equates volumes of ribbon 
and ligament it is seen that 

In accordance with Rayleigh‘s andy- 
sis (11) the collapse of a ligament 
produces drops of diameter 

i - - 5  

L X  l i d  

I E C I l D U  x x  1 

Fig. 3. Successive stages in the idealized break- 
up of a wavy sheet. 
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VENT b . 

Fig. 4. Layout of vacuum chamber and apparatus for drop size experiments. 

d = 3.78 T, (15) 

(16) 

and hence 

d = const [Ao,,, h’]l/z 
AS shown by both Squire’s and 

Hagerty and Shea’s analyses the wave 
length of the most unstable wave and 
its corresponding growth rate are given 
by 

and 

Rearranging one obtains 

Pm.x = (17) 
u o p ( N w e ) 1 ’ 2  

h* 

where N,, is based on h*. 
The amplitude growth rate of the 

most unstable wave may be repre- 
sented by Equation (1) transformed 
as follows: 

/3,,,t = In - = E (18) Y” 
Y o  

Substituting for Pmnx in Equation (18) 

Now U,t is the breakup length r*, and 

p = - [Equation (131, so that 
k, 
h* 

Rearranging one sees that the film 
thickness at breakup is given by 

(21) 
The only unknown term i s  E = In 

c, the ratio of the amplitude at breakup 
Y c  
to the initial one at the orifice. In the 
investigation of jets disintegrating by 
rotationally symmetrical oscillations 
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(12) it has been established that the 
condition for breakup is that the ratio 
y4/y0 reaches a universally constant 
value. It will be assumed that a simi- 
lar criterion applies to the disintegra- 
tion of a liquid sheet. 

This assumption has been tested for 
the fan spray sheet with measured 
values of h* obtained at varying air 
density and liquid velocity. I t  has been 
confirmed that for a given nozzle the 
ratio E [calculated from Equation 
(2011 remains in fact constant. How- 
ever there appears to be a tendency 
for a slow decrease of E with increas- 
ing k,. This will be neglected as there 
are insufficient data to establish a more 
accurate breakup criterion. 

The final expression giving the mean 
drop diameter is obtained by combin- 
ing Equations ( l o ) ,  (16),  and (21): 

d = const [$ ly’ (- k, y ) ”’ 
PI, u,’ 

(22) 

For fan spray nozzles CB - C,, (9) and 
lies between 0.8 and 0.95. Thus 

d = const [ L ]  [Ere (23) 
C,2 Ap 

All previously derived formulas for 
the mean drop size of any type of 
spray sheet, Bat or conical, are essen- 
tially similar to this equation; the latter 
is however more general because it in- 
cludes the air density hitherto not con- 
sidered. For example in a rigorous 
mathematical treatment of the breakup 
of a flat sheet of uniform thickness 

Fig. 5. Schematic diagram of pneumatic spray 
sampling device. 
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Keller and Kolodner (29) have shown 
that 

d = const ( p) Yh" %I3 

while Dorman (27) using dimensional 
analysis found a similar expression to 
Equation (23) except for the missing 
air density term. 

APPARATUS AND EXPERIMENTAL 
METHODS 

The layout of the equipment is shown in 
Figure 4. Water was injected through a 
nozzle into a vacuum chamber by apply- 
ing compressed air to a feed vessel. No 
attempt was made to isolate the compressed 
air from the water, since experiments had 
shown that dissolved gases have no effect 
on the disintegration of a spray sheet. 

The design of the cylindrical chamber 
used for drop size measurement and the 
photographic study of sprays can be seen 
from Figure 4. The chamber was of 2% 
CU. ft. capacity, 18 in. internal diameter, 
and 20 in. overall height. Four removable 
glass portholes were incorporated around 
the cylindrical body to allow photography 
and access to the inside of the chamber. 
The spray nozzle was screwed to an ad- 
justable feed pipe which was held ver- 
tically in the center of the chamber cover 
plate. 

Drops were captured on a cavity slide 
filled with oil which was moved across the 
spray by a pneumatic device supported at 
the bottom of the vacuum chamber. Its 
construction is illustrated in Figure 5. 
The carriage holding the sampling slide 
was attached to a piston moving inside a 
cylinder. The piston, driven by low pressure 
air, pulled the carriage across the spray 
from a Erst to a second housing. 

A minority of coarse drops are un- 
avoidably formed at the rims of the fan 
spray sheet. Hence to obtain a sample of 
drops representative of the main spray 
only the collecting slide was moved along a 
line normal to the plane of the spray and 
intersecting the vertical axis (see Figure 
4). During sampling the slide traveled a 
total distance of 6 in., symmetrical about 
the vertical axis at a depth of 15 in. from 
the nozzle tip. 

The composition of the oil chosen for 
collecting samples of water sprays was as 
recommended in Reference 2. 

To prevent the oil on a slide from froth- 
ing in vacuum and hence creating bubbles 
which are indistinguishable from drops, 
volatile components of the oil were dis- 
tilled off in a vacuum oven held at a tem- 
perature between 30" and 40°C. 

All experiments were carried out over a 
free water surface at a temperature of 

Fig. 6. Liquid sheet a t  atmospheric and at 
subatmospheric density. 

approximately 60°F. Thus even under 
low ambient pressures variation in drop 
size caused by evaporation could be 
ignored. 

Counting and Analysis of Drops in 
a Sample 

A portion of the drops collected in an 
experiment was recorded on a photo- 
micrograph at a magnification of x8. The 
fine drops, missing from the slide by non- 
impingement, were neglected. The drop 
size distribution was measured from 
the photographic negative, projected on 
a screen to give an exact total magnification 
of x100. The size intervals chosen in 
grouping the drop diameters were such that 
the volumes of drops from successive 
classes were in a geometrical progression. 
The number of drops counted from each 
sample was between 1,000 and 3,000. 

It may be noted that there is no clear 
indication of the number to be used in 
order to secure an accurate estimate of 
the true drop size. Such meager informa- 
tion as is available (3, 4, 5 )  indicates that 
for the above number of drops that were 
conveniently counted and sized the error 
may be of the order of +- 10%. For this 
reason an independent repeat of each drop 
size experiment was carried out. 

TABLE 1. DIMENSIONS OF FAN SPRAY NOZZLES 

NozzIe 

Nozzle OrSce projected Water flow coefficient, sq. cm. 

Y 0.0305 x 0.056 0.00171 0.446 0.89 10.0 
W ( i )  0.0362 x 0.0805 0.00291 0.805 0.97 16.5 
W(ii) 0.0370 x 0.078 0.00289 0.775 0.91 16.5 
S 0.050 x 0.112 0.00560 1.55 0.95 31.5 

Orifice Discharge parameter, 

designation dimensions, cm. area, sq. cm. number, FN Ce ko x lo+ 

The mean chosen to represent the drop 
size distributions was the surface-volume 
(or Sauter) mean diameter. In calculating 
this mean diameter the integration 
method suggested by Heywood (6) was 
used rather than a simplified procedure 
based on any fitted mathematical distri- 
bution, since statistical tests ( 2 ,  3),  show 
the former method to give the most ac- 
curate estimate of this surface mean di- 
ameter. 

It is difEcult to derive a rational ex- 
pression for the size dispersion, and there 
is no generally accepted definition of this 
parameter. The one used here is defined 
as a fractional drop size range based on 
the surface-volume mean diameter: 

%% - d95% 

d. 4 =  

Fan Spray Nozzles 
SingIe hole fan spray nozzles were used 

(9). Table 1 gives the dimensions of the 
rectangular orifices and the flow charac- 
teristics of the nozzles. 

The flow number is given by 

Q 2 9 4 C ~ .  A 
F N = - -  - (24) 

where Q is in imperial gal./hr., A p  in 
lb./sq.in., A in sq. cm., and pr,  in g./cc. 

d%- qz 

THE EFFECT OF SUBATMOSPHERIC 
AMBIENT DENSITIES ON DROP SIZE 
RESULTS AND MODE OF BREAKUP 

To determine the effect of subat- 
mospheric ambient density on disin- 
tegration two series of drop size ex- 
periments were carried out with dis- 
tilled water. The same nozzle, namely 
W(i) (Table l), was employed through- 
out. In the first series of experiments 
the differential liquid pressure was 
held constant a t  25 Ib./sqin., and air 
density was vaned from atmospheric 
pressure to a vacuum of 28.75 in. Hg 
(corresponding to moist air densities 
of pa = 1.21 to 0.050 g./liter). Figure 
6 illustrates the wavy and perforated 
sheets obtained at the extreme air 
density levels, each sheet photographed 
from three directions. 

Similar photographs" taken at in- 
tervals of 5.25 in. Hg show that the 
vigorous waviness persists down to an 
air density of 0.74 g./liter (11.5 in. 
Hg vacuum), the sheet becoming un- 
ruffled and perforated below an air 
density of 0.51 g./liter (17.25 in. Hg 
vacuum). 

In  the authors' experiments o d y  
sinuous waves have been observed and 
measurements of their wave lengths 
made from the photographs have been 
used to test Equation (8).  The results 
are plotted in Figure 7, where the 
variabIes have been collected into two 

detailed drop size distributions are to be found 
reference 30. 

- 
The complete series of photographs as well 9 
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Fig. 7. Comparison of measured and calcu- 
lated wave lengths. 

parameters N,, and 
._ . 

The film thickness h*- is that corres- 
ponding to the region of disintegration 
where A,,, was measured. The curve 
according to Equation (7) is also in- 
cluded in the figure and shows reason- 
able agreement with theory. The ex- 
perimental scatter is caused mainly 
from considerable irregularity in the 
contour of a wave front (Figures 6 and 
15). 

When the instability criteria N,. 
> 1, or > 0, are compared with ex- 
periment," it is found that the sheets 
are somewhat more stable than ex- 
pected and that ambient air density 
is a further variable, not predicted by 
theory. This comparison is shown in 
Figure 8. Instability of the sheet is 
characterized by the inception of 
waves on sheets as observed with the 
aid of stroboscopic light. Breakup 
length, measured with a cathetometer, 
was used to calculate sheet thickness by 
means of Equation (13).  It will be 
seen from Figure 8 that near atmo- 
spheric density the criterion for insta- 
bility of such sheets is N , ,  > 1.6 to 3. 
With diminishing ambient air density, 
the increase in N , .  is initially gradual 
but becomes sharp at low density. The 
scatter of the experimental points also 
suggests that sheet thickness may be 
a further variable; the critical N , ,  for 
the thicker sheets of the larger nozzle 
S is consistently higher. 

Values of the measured surface-vol- 
ume mean diameters of the sprays are 
represented in Figure 9. They are found 
to be segregated into two groups, de- 
pending on the mode of breakup of the 
sheet. Equation (23) predicts that for 
sheets whose breakup is controlled by 
aerodynamic instability the mean drop 
diameter should be proportional to 
(l/po)1/6; that is as long as the sheet 
is wavy, a reduction of air density 
causes a gradual increase in drop size 

*The value of N w e  is based on the breaku 
thickness h*. The discrepancy from theog w o d  
be greater if the average thickness of e sheet 
had been taken. 

- 
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Fig. 8. Instability criterion of liquid sheets. 

since the waves become less destruc- 
tive. Although the amplitude growth 
rate decreases [Brn.. pa Equation 
(l l)]  with consequent increase in 
breakup length, the above analysis 
shows that the increase in wave length 
[A,t cc Up, Equation (10) 1 compen- 
sates for the reduction of sheet thick- 
ness to the extent that drop diameter 
increases in size according to (l/p.,)"'. 
The drop size data for the wavy sheets 
plotted in Figure 9 show a variation 
of the right order, but they are insuffi- 
cient to test this relationship more con- 
clusively. 

It is of interest to note that the ef- 
fect of air density on the drop size of 
other types of sprays is not dissimilar 
in order of magnitude, even though 
different breakup mechanisms are in- 
volved. The experiments of GifFen and 
Lamb ( 2 4 )  with injection nozzles at 
high air densities show that the sur- 
face-volume mean diameter varies as 
(l/p,)"', while the drop of maximum 
diameter varies as (l/p$j6. The results 
for twin fluid atomizers also follow the 
same pattern; namely Garner and 
Henny's (25)  data for fuels sprayed at 
subatmospheric densities indicate a 
variation of the order of yo"(p./p,)O.". 
Similarly Tanasawa ( 2 6 )  has recently 
observed that the drop size from twin 
fluid atomizers varies inversely as a 
fractional power of the air density. 

It is shown in Figure 9 that at a 
critical air density, where waviness 
has been subdued, there is an abrupt 
discontinuity and the drop size in- 
creases by as much as 20 to 25%. A 
further reduction of air density results 
in a small decrease in drop size, cor- 
responding to a slightly diminished 
breakup thickness. 

The sheet in vacuum is, at breakup, 
thinner than the wavy sheet in atmo- 
sphere. However it results in a coarser 
spray because the drops are in fact 
derived from thick ligaments formed 

2.0 

2 6 0  

2.0 

1.0 

0 O I  D I  a6 0 8  1 0  I I  
A111 DENS,," '.a,-"' .lWm.., pa pb ATU "*C""U 

Fig. 9. Drop size a t  subatmospheric air density 
[Ap = 25 Ib./sq. in. - nozzle WCi)]. 

by accumulation of the liquid origi- 
nally contained in the voids of perfora- 
tions of relatively large diameter. 

In a further series of drop size ex- 
periments the chamber was kept at a 
vacuum of 28.75 in. Hg (pa = 0.050 
g./liter), and the differential liquid 
pressure was increased from 12.5 to 
200 lb./sq.in. Figures 10 and 11 show 
values of the measured surface-volume 
mean diameters and of the size disper- 
sion factors respectively. It will be seen 
that at all liquid pressures the spray is 
coarser and less uniform in vacuum. 

Comparison with previous drop 
size results at atmospheric density can 
be made on the basis of Equation 
(23) .  This is given in Table 2 which 
summarizes available information on 
the drop size of fan sprays. 

The magnitude of the constant C is 
obtained by regression of the results 
plotted in Figure 10 and the original 
data in references 2 and 27 according 
to the equation 

where d, is in [p], k, in [sq.cm], y in 
[dyne/cm.]), and A p  in ClbJsq.in.1. 

It is also of interest to note that 
other investigators (28, 31 to 34)  
studying conical spray sheets produced 
from swirl spray nozzles in quiescent 
atmosphere found empirical values for 
the pressure exponent lying between 
0.25 to 0.35 which are not far removed 
from the theoretical value of 1/3, par- 
ticularly if one bears in mind the ex- 
perimental errors in drop size deter- 
mination. 

MECHANISM OF DISINTEGRATION 
OF THE AERODYNAMICALLY STABLE 
SHEET A T  SUBATMOSPHERIC DENSITY 

In an atmosphere the disintegration 
of a spray sheet is usually controlled 
by its aerodynamic instability. When 
at a sufficiently diminished air density 
aerodynamic stability is attained, the 
sheet is disrupted by perforations 
(Figure 6 and 15). 
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Fig. 10. Drop size a t  various differential pressures in vacuum and in the 
atmosphere [nozzle W(i)]. 

As shown above this different funda- 
mental mode of breakup, which is not 
necessarily associated with low air den- 
sity, has a critical effect on the drop 
size. The formation and behavior of 
perforations is therefore examined be- 
low. 

Properties of Perforations 

Rate of growth of a Perforation. A 
free boundary of a 1iquid.sheet is sub- 
ject to unbalanced surface tension 
forces and contracts spontaneously. 
Consider a small puncture in an infi- 
nitely extended sheet of uniform thick- 
ness h (Figure 12).  If the puncture 
diameter is greater than the thickness 
of the sheet, there is a loss in surface 
area and the perforation will continue 
to grow. Consequently the liquid orig- 
inally contained in the area of the per- 
foration is gathered at the rim. In a 
perforation of radius r, the rim is 
pulled outward by surface tension 
force 4zrpy, while the opposing mo- 
mentum of the liquid accumulated at 
the rim is 

pLnr/ he 
Equating force with rate of change of 
momentum one gets 

b 
bt 

4m,y - [ p ~  ...,” he] (26) 

Differentiating and calling - = G 

one finds 

4 Y  
hPL 

be br, 
bt bt  

(27) G r, = r,” - 3- 2 r,e - 

DlFFCRZNTlAL PRZSSURE l b k q  m 

Fig. 11. Size dispersion a t  various differential 
pressures in vacuum and in the atmosphere 

[nozzle W(i)]. 

since 
be be br* 

bt bt br, 
e, and - = e - -= 

and therefore 
be 
brP 

G = e  rP--+2$ (28)  

which, on integration, gives 

2 e ” - G =  [$I‘ (29) 

where J is a constant of integration. 

At the origin of a perforation rp = 
r,,, where the value of r,, can be equal 
to half the sheet thickness at that 
point and e = el. Substituting in Equa- 
tion (29) one obtains 

J4 = r,: [2 e,” - GI 

so that from Equation (29) 

2 8 = G +  [$I‘ ( 2 e , ” - G )  

(30) 
Now the average sheet thickness at 
which perforations originate is of the 
order of 3 to 5p (Table 3 ) .  Thus when 
the radius of the perforation has grown 
to the order of 1 ,000~  (0.1 cm.), r,. 

<<r, and [ 71 can be neglected. 

If el is assumed to be of the same 
order as e or smaller, Equation (30) 
may be rewritten as 

r,, ’ 

Fig. 12. Perforation in an infinitely extended 
liquid sheet of  uniform thickness. 

The growth rate of a perforation is 
thus independent of its radius r,. 

In applying Equation (31) to the 
fan spray sheet whose thickness is not 
uniform but varies according to h = 
kJr,  the mean sheet thickness at the 
center of the perforation will be used. 
Equation (31) thus becomes 

This equation is experimentally veri- 
fied below. 

It will also be realized that the rim 
of a perforation traveling with the fan 
spray sheet has an additional velocity 
component originating from the di- 
verging radial streamlines. 

Its effect is illustrated in Figure 13. 
It is seen that the initially circular hole, 
instead of expanding to the one repre- 
sented by broken lines, is distorted to 
an elliptical profile which is slightly 
curved towards the direction of flow 
and flattened out in the opposite direc- 
tion. 

Comparison with Experiment. The 
validity of Equation (32) has been 
con6rmed by measuring growth rates 
of perforations, from double exposure 
photographs of water sheets in vac- 
uum, with two sizes of nozzle at two 
differential pressures. 

A perforation growth rate e in a 
sheet of velocity U ,  was conveniently 
obtained from the movement of points 
similar to B and C, lying on the inter- 
sections of the rim with the radial line 
00’ (Figure 13). At such points the 
resultant velocity is on the same axis 

TABLE 2. DROP SIZE OF FAN SPRAYS 

Injection Nozzle 
Ambient parameter, pressure, 

Author conditions k, x lO‘sq. cm. Aplb./sq. in. C. 

Dorman (27) Atmosphere 21.1 to 1,011 50 to 105 942 
Straus (2)  Atmosphere 21.1 to 45.5 25 to 100 920 
Present authors 28.75 in Hg 16.5 12.5 to 200 1,172.5 

vacuum 

Vol. 8, No. 5 A.1.Ch.E. Journal Page 677 



TABLE 3. CHARACTERISTICS OF PERFORATED SHEETS OF WATER IN VACUUM 

Average sheet 
Origins of holes thickness Distances 

Nozzle A p  radii of holes position of holes (average) perforation from origin 
Measured Observed Calculated Measured at origin of moved 

Ib./sq. in. r,, cm. r d ,  cm. r6, cm. rt, cm. P ~ ~ 7 4 ,  cm. 
W 25 

49 
S 25 

49 

W 25 
49 

S 25 
49 

0.13 to 0.37 
0.11 to 0.66 
0.11 to 0.66 
0.17 to 0.48 

Sheet 
velocity 

UO, cm./sec. 

1,800 
2,520 
1.770 
2,480 

4.42 to 6.29 3.27 to 5.56 4.47 
4.19 to 7.38 2.02 to 7.04 4.73 
6.43 to 8.34 4.58 to 6.80 6.07 
5.04 to 8.15 3.73 to 7.11 5.75 

as the individual components e and 
U., and 

CC-BBB' 
2 A t  e =  (33) 

Experimental values of e against the 
mean radial distance are plotted in 
Figure '14 and show reasonable agree- 
ment with the curves calculated in 
accordance with Equation (32).  The 
experimental scatter arises from the 
irregularity in the contour of a per- 
foration and its lack of sharpness in 
the photographs. 

The photographs have also been 
used to determine the velocity of the 
drops in the immediate zone of dis- 
integration of the spray sheet. Meas- 
urements were confined to drops above 
100-p diam. for which successive posi- 
tions could be easily identified. It was 
found that the velocity of the majority 
of drops is essentially identical to that 
of the sheet, only a small percentage 
moving either faster or slower. The 

Breakup Average Widths of 
length breakup sheets at 

of sheets length breakup 
r*, cm. T*,  cm. s", cm. 
6.2 to 9.4 7.7 1.8 to 3.6 
8.2 to 12.7 9.4 4.2 to 6.4 
9.0 to 13.2 11.9 4.5 to 6.0 
8.7 to 11.6 10.3 7.0 to 8.0 

latter drops originate from ligaments 
formed by the impact of rims of un- 
equal mass which are produced from 
adjacent perforations with dissimilar 
histories. An additional velocity com- 
ponent is therefore imposed on the liga- 
ment. 

Origins of Perforations. Equation 
(32) will now be extended to give an 
expression for the location of the ori- 
gin of an observed hole. 

Consider a perforation of negligible 
size, just appearing at a point A situa- 
ted at a radial distance r l  from the 
orifice (Figure 13). After t sec. the 
perforation center has traveled to a 
distance ra. The perforation radius rp 
measured along the axis CO' increases 
at the rate 

Since the velocity U .  is constant along 
the sheet (9) 

r d  = rC f Uot (35) 

Substituting for one finds 

1 O' 

Fig. 13. Consecutive positions of one perforation. 
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(37) 

Equation (37) has been used to ob- 
tain information on the location of the 
origins of perforations. Since no two 
photographs taken under nominally 
similar conditions give the same num- 
ber and distribution of perforations, it 
is possible to deal only in terms of 
ranges and averages. Table 3 gives the 
order of magnitude involved, based on 
measurements from numerous photo- 

A.1.Ch.E. Journal 

3.7 0.34 to 1.15 
3.5 0.34 to 2.50 
5.2 0.36 to 2.00 
5.5 0.79 to 2.18 

Average 
breakup 
width 

$8, cm. 

3.0 
5.6 
5.2 
7.4 

Average 
breakup 
thickness 

h', P 

2.1 
1.8 
2.6 
3.1 

Velocity 
of growth of 

perforation 
e, cm./sec. 

580 to 760 
600 to 830 
450 to 640 
440 to 660 

Average 
breakup 
thickness 

in atmosphere 
h", P 

3.1 
3.8 
6.1 
8.3 

graphs of water sprays in a vacuum of 
28% in. Hg. 

For the typical sprays considered 
the average perforation originates in 
the central region of the sheet, and its 
radius is usually less than 1 cm. Its 
Iifetime is of the order of 1 msec., and 
it travels only a short distance of about 
0.5 to 2.5 cm. before coalescing with 
other perforations. 

Most of the perforations recorded in 
Table 3 were observed at the lower 
end of the sheet. Examination of spray 
sheets in vacuum over a wider range 
of injection pressure reaching 900 lb./ 
sq.in. has shown that consistent per- 
forations in the upper part of the sheet 
occur only at the highest pressures. 
However under these conditions a dif- 
ferent mechanism of hole formation is 
probably involved. 

Causation of Perforations 

In a previous investigation ( 1 )  it 
was shown that nonwettable particles 
in a heterogeneous liquid, such as an 
oil/water emulsion or an aqueous wax 
particle suspension, are responsibIe 

3 4 5 6 7 S P  
R A D I A L ,  D I S T A N C E .  r, c m  

Fig. 14. Comparison of measured and calcu- 
lated rates of growth of perforations. 
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for the large number of perforations 
formed on the spray sheet, and this is 
not unexpected. There is however no 
apparent reason for the sheet of a 
homogeneous pure liquid in laminar 
flow under vacuum conditions to be 
punctured. 

Effects of Dissolved and Entrained 
Gases. It was thought that the perfora- 
tions might be caused by release of 
microbubbles from dissolved air, as a 
consequence of the pressure drop at 
the orifice. TO test this hypothesis dis- 
tilled water was deaerated to an air 
content low enough to prevent bubbl- 
ing out. Spray sheets of aerated and 
deaerated water were examined in 
a vacuum of 28% in. Hg and in the 
atmosphere with two nozzles W and S 
(Table 1) and liquid pressures up 
to 50 Ib./sq. in. It was found that 
air content of the liquid made no 
difference in the appearance or size 
of the spray sheet and had no effect on 
the recurrence of perforations. This re- 
sult was confirmed by a second series 
of similar experiments in which care 
was taken to eliminate air or vapor 
trapped in the pipe system by con- 
necting the feed vessel to the nozzle 
with a single piece of tubing. 

It is therefore concluded that per- 
forations originate neither from release 
of a dissolved gas nor from cavitation, 
since this phenomenon does not readily 
occur with water of low air content. 

Ripple Eflects. When the fan spray 
sheet in vacuum is photographed with 
specular illumination (7) ,  its surface 
is found to be disturbed by numerous 
point and longitudinal marks sur- 
rounded by ripples. High speed cine 
photographs show that although the 
disturbance surrounded by ripples need 
not necessarily develop into a perfora- 
tion, it is a prerequisite for the latter 
to be formed. 

Similar ripples, observed on the un- 
ruffled perforated sheets of mercury 
flowing in atmosphere, have been re- 
ported previously (1, 1 0 ) .  Data then 
available suggested that their forma- 
tion is associated with vibration in the 
nozzle orifice at high Reynolds num- 
bers (8). Further work has shown 
however that ripples appear also at low 
Reynolds numbers as well as with liq- 
uids of widely ranging properties and 
at different ambient conditions. These 
facts can be explained by an alterna- 
tive explanation postulating that rip- 
ples and the resulting perforations are 
caused by particles impinging on the 
sheet surface. The latter hypothesis is 
also supported by experiments showing 
that a drop made to impinge on the 
sheet produces a perforation sur- 
rounded by ripples or only ripples 
which ultimately may develop into a 
puncture. 

The characteristic perforations on 

Fig. 15. The effect of differential injection 
pressure on the turbulence in liquid sheets. 

the sheet in vacuum remain unaltered 
when various baffle configurations are 
arranged inside the chamber. Moreover 
perforations are not eliminated when 
the sheet is protected against drops 
ricocheting from the walls of the 
chamber by the use of two glass plates 
situated close and parallel to the plane 
of the sheet. It follows that if ripples 
and perforations are caused by imping- 
ing particles, the drops must be pro- 
jected from the orifice or the sheet it- 
self and the phenomenon is independ- 
ent of vessel geometry. 

It is difficult to explain the mechan- 
ism by which impinging drops follow 
a trajectory close to the sheet and 
leading back to the sheet surface. There 
is some evidence that the drops origi- 
nate at the orifice where a high rate 
of shear exists because at high differ- 
ential pressures streams of drops have 
been observed to originate from the 
orifice and to produce a row of holes 
oriented along a streamline (30). How- 

ever as yet there is no direct proof that 
this phenomenon occurs at low injec- 
tion pressures. 

TURBULENCE INSTABILITY OF A 
LIQUID SHEET 

In a thick liquid sheet flowing in 
quiescent atmosphere irregular ridges 
and cavities are superimposed on the 
highly unstable aerodynamic waves, 
giving it a highly turbulent appear- 
ance. To investigate the character of 
this turbulence high velocity water 
sheets have been examined under con- 
ditions of aerodynamic stability, that 
is in ambient vacuum. 

Figure 15 shows the development of 
turbulence with increasing pressure on 
sheets in vacuum, produced by the 
intermediate size nozzle W. Photo- 
graphs of corresponding sheets flowing 
in atmosphere have been included for 
comparison. At low liquid pressure the 
sheet in vacuum is perfectly flat, to 
the extent that it reveals interference 
fringes (9). At medium pressure the 
sheet is semiturbulent, but traces of 
the fringes are still apparent. At high 
pressure the sheet is turbulent, the 
entire surface being disturbed by 
highly irregular waves. These waves 
are quite distinct from the exponen- 
tially growing aerodynamic waves 
which are pronounced only in the 
lower portion of a sheet. 

Surprisingly the maximum breakup 
length of the sheet in vacuum remains 
almost constant, up to high pressure 
of 800 lb./sq.in. Under ambient vac- 
uum conditions a sheet disintegrates by 
the coalescence of rapidly growing 
perforations. At a high sheet velocity 
the time available for their growth is 
less. Since the breakup length is found 
not to vary, it follows that the fre- 
quency of perforations must increase 
with sheet velocity, a larger number 
of smaller holes keeping the breakup 
length constant. 

Table 4 gives the Reynolds numbers 
for laminar, semiturbulent, and turbu- 
lent flow for the sheets produced by 
the nozzles listed in Table 1. 

TABLE 4. TURBULENCE CRITERION OF FLAT SHEETS 

Injection pressures, Ib./sq.in. Reynolds numbers 
Semi- TW- Semi- Tur- 

Nozzle Laminar turbulent bulent Laminar turbulent bulent 

Y 0 to 250 300 to 450 >600 0 to 23,200 
W 0 to 110 115 to 200 >400 0 to 19,600 
S Oto 12.5 15to25 >50 Oto9,200 

Sheet thickness 
at breakup in Orifice 

Nozzle vacuum h*, p dimensions, cm. 
Y 1.4 0.056 x 0.0305 
W 1.0 0.078 x 0.037 
S 3.1 0.112 x 0.050 
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25,400 to 31,100 >35,900 
21,400 to 26,400 >37,3OO 
10,000 to  13,000 >18,400 

Hydraulic 
mean 

diameter, 
cm. 

0.0395 
0.0502 
0.0701 
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The critical Reynolds number at 
which turbulence appears in a flat 
sheet lies in the range of 18,000 to 
37,000. These figures agree with the 
range NRs  = 20,000 to 40,000 quoted 
by Dombrowski and Fraser ( I ) ,  al- 
though a different turbulence criterion 
was applied; namely turbulence was 
identified with the occurrence of per- 
forations. 

Previous investigations of jets in 
vacuum (17, 18), have established 
that critical Reynolds numbers of jets 
are similar to those for pipe flow, 
namely NRa = 2,000 to 3,000. In a 
more recent study of water jets in at- 
mosphere Panasenkov (19) and Boris- 
enko (23)  observed a maximum of 
the breakup length at N R e  = 4,000 to 
4,500 and claimed that this was the cri- 
terion for jet turbulence. Their conclu- 
sion is doubtful since the maximum 
can be explained without postulating 
turbulence. 

Comparison of the turbulence cri- 
teria shows that liquid sheets are con- 
siderably more stable than plain jets 
issuing from orifices of the same area. 

The relative importance of aerody- 
namics and turbulence effects in the 
disruption of high speed jets is contro- 
versial (17, 18, 20, 21, 2 2 ) .  The re- 
sults of this investigation suggest that, 
in the case of liquid sheets, turbulence 
plays only a minor role and does not 
appear to assist the atomization proc- 
ess to any significant extent, either in 
vacuum or in atmosphere. In Figure 
10 the transition from laminar to semi- 
turbulent flow occurring at 110 Ib./sq. 
in. pressure (Table 4) is not reflected 
in any discontinuity in the variation of 
the drop size in vacuum. A wider range 
of Reynolds numbers has been covered 
in previous investigations of fan sprays 
in the atmosphere, and no special ef- 
fect of turbulence on drop size can be 
noticed. However these conditions do 
not cover the fully turbulent region. 

NOTATION 

A 
C = constant [Equation ( 2 5 ) ]  
Co = discharge coefficient 
C. = velocity coefficient 
d = drop diameter 
d. = surface-volume mean diameter 
d5% = 5% oversize diameter 

dS5% = 95% oversize diameter 

E = dimensionless wave amplitude 

= projected area of orifice 

ratio, In- Yo 
Y o  

e 

FN = flow number 
f = wave frequency 
go = gravitational conversion factor 
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= expansion velocity of rim of 
perforation at radius rp 

4r 
hPL 

c, =- 

h 

h' 
h" 

J = constant [Equation ( 2 9 ) ]  
k. = parameter of fan spray nozzle 
7; = wave number, % / A  
m = hydraulic mean diameter of 

NRe = Reynolds number, m U ,  pL/v  

= thickness of fan spray sheet at 

= half sheet thickness h / 2  
= breakup thickness of fan spray 

radial distance T 

sheet 

orsce 

pLU'h" N, ,  = Weber number, - 
.% 

A p  = differential injection pressure 
Q = volumetric discharge rate 
q = size dispersion 
r = radial distance measured 

r" = maximum breakup length of a 

Td = radial distance from orifice 

T Z  = radius of ligament 
rc = radial distance from orifice 

rp = radius of perforation 
r,, 
t = time 
A t  = time interval 
U. = sheet velocity 
V = wave velocity 
w = circular frequency Z r j  
y 
yo 

yo 

from orifice 

fan spray sheet 

to center of perforation 

to origin of perforation 

= radius of perforation at origin 

= amplitude of wave at time t 
= initial wave amplitude at ori- 

= wave amplitude at breakup 
fice 

Greek Letters 

= exponential growth rate of 
wave amplitude 

y = surface tension 
7 = absolute liquid viscosity 
A = wave length 
Amin = wave length for minimum in- 

Aopt = wave length for maximum 

p = air/liquid density ratio p , / p L  
p. = air density 
pL = liquid density 

stability 

growth rate 
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